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The dragonfly networks are being used in the supercomputers of today. It is of interest to study the topological
properties of dragonfly networks. Let G = (V' (G), E(G)) be a graph. Let X be a subset of {uv : u,v € V(G) and u #
v} such that every component induced by X on V(G) is a path. If, | X| < k and after adding all edges in X to G,
the resulting graph contains a Hamiltonian cycle that includes all edges in X, then the graph G is called k-edge-
Hamilton-connected. This property can be used to design and optimize routing and forwarding algorithms. By
finding such Hamiltonian cycle containing specific edges in the network, it can be ensured that every node can act
as an intermediate node to forward packets through a specific channel, thus enabling efficient data transmission
and routing. For k = 2, determining whether a graph is k-edge-Hamilton-connected is a challenging problem,
as it is known to be NP-complete. 2-edge-Hamilton-connected is an extension of Hamilton-connected. In this
paper, we prove that the relative arrangement dragonfly network, a type of dragonfly network constructed by the
global connections based on relative arrangements, is 2-edge-Hamilton-connected, and this property shows that
dragonfly networks have strong reliability. In addition, we determined that D(n, h, g) is 1-Hamilton-connected
and paired 2-disjoint path coverable with n >4 and h > 2.

1. Introduction

One of the important interconnection networks is the dragonfly net-
work, which was first described by Kim et al. [17,18]. The dragonfly
network is a high-performance, low-latency interconnect network topol-
ogy that is suitable for building large-scale distributed systems and data
centers. Its design objective is to provide high bandwidth and low la-
tency communication to support large-scale parallel computing and data
transfer. The applications of dragonfly networks are primarily focused
on the following domains:

« Data Centers: dragonfly networks serve as an interconnect net-
work structure for data centers, connecting servers, storage devices,
and network switches to achieve high-performance data center in-
terconnection. Its low latency and high bandwidth characteristics
make internal communication within the data center more efficient,
facilitating tasks such as large-scale parallel computing, distributed
storage, and data analytics.

Information Technology: dragonfly networks can enhance inter
connectivity between servers and improve overall system perfor-
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mance in cloud computing environments. In applications requiring
large-scale data processing, such as machine learning and artificial
intelligence, dragonfly networks can provide the necessary commu-
nication infrastructure for parallel computations.

Data Transfer and Distribution: dragonfly network’s high band-
width capability makes it advantageous for data transfer and dis-
tribution. It can be used to construct large-scale Content Delivery
Networks (CDNs) for efficient distribution of network content and
media streams. Additionally, dragonfly networks can be applied to
large-scale data transfer scenarios, such as transferring large data
sets, backing up data, or performing remote data replication.

Hamiltonian-related properties of an interconnection network are
crucial in studying parallel and distributed systems. Routing between
nodes is one of the significant problems in networks, and the avail-
ability and stability of the paths for data broadcasting are essential.
These can be achieved by using the Hamiltonian connectivity and fault
tolerance properties in the corresponding network topology. In large-
scale data-parallel training, a major drawback of general multi-card GPU
training is that it requires one GPU at a time to collect the training
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gradients from other GPUs and then distribute the new model to the
other GPUs. The communication cost grows linearly with the number
of GPUs in the system. Recently, Baidu [7] proposed ring-Allreduce algo-
rithm, which is an application of Hamiltonian connectivity. It is worth
noting that the “ring” mentioned here refers to a Hamiltonian cycle. In
contrast, the communication cost of the ring-Allreduce algorithm is con-
stant, independent of the number of GPUs in the system, and is entirely
determined by the slowest connection between GPUs in the system. In
fact, ring-Allreduce is an optimal communication algorithm if only band-
width is considered as a factor of communication cost and latency is
ignored. Ring-Allreduce is a powerful technique for efficiently aggre-
gating gradients in distributed deep learning systems. Leveraging a ring
communication pattern minimizes communication overhead and can
significantly improve the training speed and scalability of deep learn-
ing models across multiple devices or nodes. For more research on the
ring-Allreduce, please refer to [44-46].

Disjoint paths are paths that do not share any vertices among them
and can be used as parallel paths for specific routes or processing
pipelines required for computation. To enhance the Hamiltonian con-
nectivity concept, finding vertex-disjoint paths or embedding linear
arrays can support multiple pairs of data transmission in a network,
prevent congestion, and offer fault tolerance. There have been many re-
search results in this area that have achieved fruitful progress.

A path that includes all vertices of a graph is known as a Hamiltonian
path, while a cycle that consists of all vertices is called a Hamiltonian cy-
cle. A graph G is considered as Hamiltonian if it contains a Hamiltonian
cycle and Hamilton-connected if there exists a Hamiltonian path connect-
ing any two vertices x and y in G. The term k-Hamilton-connected refers
to a graph G in which the removal of any set F of faulty vertices, where
| F| < k, still results in a Hamilton-connected graph denoted as G — F.
A factor of a graph G is a spanning subgraph of G, while a k-path fac-
tor is a factor composed of k paths whose vertex sets form a partition of
V(G).

Kuzel et al. [19] delved deeper into the concept of Hamilton-
connectivity and provided the following definition.

Definition 1. (see [19]). Given a graph G, let E*(G) = {uv : u,v €
V(G) and u # v} and X C E*(G). An element e € X is referred to
as a potential edge, which can either be e € E(G) or e ¢ E(G). Define
G+ X =V (G), E(G) U X). A potential edge set X is considered as a
path system if every component induced by X forms a path. A graph G
is said to be k-edge-Hamilton-connected(k-EHC) if, for any potential edge
set X with |X| < k such that X determines a path system, the graph
G + X contains a Hamiltonian cycle that includes all edges in X.

It is worth noting that if a graph G is (k + 1)-EHC, then it is
also k-EHC. Kuzel et al. [19] observed that a graph G possessing the
1-EHC property is equivalent to being Hamilton-connected. Further-
more, G is 2-EHC if and only if it is both 1-Hamilton-connected and
paired 2-disjoint path coverable. Additionally, any k-EHC graph must
be (k + 2)-connected. Subsequently, Ozeki et al. [31] demonstrated the
NP-completeness of the problem of determining whether a graph is 2-
EHC. They also determined the result that every planar graph with a
4-connectivity property is 2-EHC. Recently, Wang et al. [24] proved the
2-EHC of DCell data center network D(k,n). Furthermore, they gave a
sufficient condition of 2-EHC in terms of the diameter m of the graph and
a parameter r, which represents the fault-tolerant Hamiltonian connec-
tivity capability, of r-HC. As applications, they obtained some results
about 2-EHC of some networks such as 3-ary n-cube Qi, alternating
group graph AQ,, augmented cube AQ,, bcube data center network
BC,, crossed cube CQ,, folded petersen cube F PQ,, ,, locally twisted
cube LT Q,, and varietal hypercube V' Q,,.

The study of k-EHC of a graph is generally related to disjoint path
cover. Next, we introduce definition of disjoint path cover of a graph
and some of its results on networks.
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Definition 2. For a given integer k > 1, let S = {s/,s,,...,5,} and T =
{t1.t5,....1;} be two arbitrary subsets of vertices in G, referred to as
sources and sinks, respectively, with S NT = §J. A many-to-many k-disjoint
path cover (k-DPC) is a k-path factor that collectively connects .S and T'.
A graph G is deemed k-disjoint path coverable if it possesses a k-DPC
joining .S and T.

Research has focused on various applications of k-DPC networks,
including paired and unpaired scenarios. In the former, each source s;
is required to connect to a specific sink #; by a path, while the latter
allows each path to connect to an arbitrary pair of source and sink.
In a straightforward manner, the k-DPC property extends Hamiltonian
connectivity from a single path to k disjoint paths, thereby providing
applications for multiple pairs of data transmission within a network. In
communication networks, disjoint path covering can be used to provide
fault tolerance and reliable data transmission. By constructing multi-
ple disjoint paths to connect the source node and the destination node,
even if one of the paths fails or becomes interrupted, the data can still
be transmitted through alternative paths, ensuring the reliability and
connectivity of the communication. Many scholars have conducted in-
depth research on paired and unpaired disjoint path coverings. Park et
al. obtained some results on paired or unpaired many to many disjoint
path covers with faulty elements in references [35,36,39]. Moreover,
they also studied paired disjoint path cover of interval graphs [37] and
torus-like graphs [38]. Kim et al. [33,34] obtained some conclusions
about many to many disjoint path covers in recursive circulant graph
G(2™,4). There have been some results on the study of disjoint path
covers of k-ary n-cube [32,42], balanced hypercubes [40], hypercubes
[41], burnt pancake graphs [43] and Dcell networks [27].

In this paper, we consider whether, given any two channels between
switches in the relative arrangement dragonfly network D(n,h,g),
which may or may not exist in the original network, there exists a
Hamiltonian cycle that must pass through the given two channels. In
addition, we show that D(n, h, g) is paired 2-disjoint path coverable and
1-Hamilton-connected. The rest of the paper is organized as follows.
Section 2 presents the definition of the dragonfly networks. Section 3
summarizes some research results on dragonfly networks. Section 4 is
an introduction to some notations and to the lemmas that will be used
throughout the paper. The proof of 1-Hamilton-connected (Subsection
5.1) and paired 2-disjoint path cover (Subsection 5.2) of D(n, h, g) are
given in Section 5. The paper is concluded in Section 6.

2. Topology descriptions of dragonfly networks

The following symbols are used to introduce the topology of the drag-
onfly networks.

N: Number of network terminals

p: Number of terminals connected to each router

n: Number of switches in each group

h: Number of channels within each switch used to connect to other
groups

: Number of groups in the system

: Degree of the switches

k': Effective degree of the group

09

As seen in Fig. 1, the dragonfly network is a hierarchical network
with three levels: switch, group, and system. Each switch’s connections at
the bottom level are to p terminals, n — 1 local channels, which connect to
other switches in the same group, and 4 global channels, which connect
to switches in different groups. As a result, the degree of each switch is
k=p+n+ h— 1. An intra-group interconnection network made of local
channels connects the switches in a group (Fig. 1 (I)). An inter-group
interconnection network made of global channels connects the groups in
a system (Fig. 1 (II)). The switches in a group function as a single virtual
switch with degree k’ = n(p + h), and each group has np connections
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Fig. 1. () Block diagram of a group (virtual switch) and (II) high-level block diagram showing a topology of dragonfly with several groups. For g€ [N — 1], P,
represents to g-th terminal; for i € {0, 1,...,np — 1}, tc; represents to channel connected to the terminal; for j € {0, 1,...,nh — 1}, gc; represents to global channel
for inter-group connections; for k € [n] and ¢ € [g], G, represents £-th group and S(Z, k) represents the k-th switch in Z-th group.

to terminals and nh connections to global channels. With a very low
global diameter—the maximum number of costly global channels on
the shortest path between any two groups—the system level network
(Fig. 1 (ID) can be accomplished thanks to this extremely high degree,
k" > k. A global diameter of one allows for the connection of up to
g =nh+1 groups (N = np(nh+ 1) terminals). The intra-group and inter-
group networks shown in Fig. 1 can be implemented using arbitrary
networks. In this paper, we employ a completely connected topology
for both networks. Fig. 2 depicts an example of a dragonfly network
with p=h =2, n=3, and a scaling to N =42 with k = 6 switches.

In order to study the structure of the dragonfly networks more intu-
itively, we ignore the terminal links in the logic diagram. A dragonfly
network can be viewed as an undirected graph G. The switches in its
group and the channels between the switches are considered as the
vertices and edges of G, respectively. An electrical local channel that
connects each pair of switches in a group can be considered as local edge
of G. Similarly, an electrical global channel which connects each pair of
switches in different groups can be considered as global edge of G. Let
V(G) be vertex set of G, E|(G) and E,(G) be the two types edge sets
of G where E,(G) is local edge set and E,(G) is global edge set. Ev-
ery group has a global edge over every other group thanks to the way
these are arranged. The size of a dragonfly network is determined by
the number n of switches of per group, the number 4 of global edges of
per switch, and the number g of groups. In the following, we introduce
the definition of the dragonfly network, denoted by DG(n, h, g).

Definition 3. (see [25]). For any integers n, h and g withn>1,1 <h <
g—1and g =nh+1, the dragonfly network G = DG(n, h, g) is connected
(n— 1+ h)-regular that satisfies the following conditions.

(1) Let V(G) =V(GUV(GHU...UV(G,_y) for i € [g], where
G; = K, with V(G;) = {(i,k) : k € [n]}} is the i-th group of G and
(i, k) represents switch k in G;. For any two distinct integers i, j with
0<i,j<g-1LV(GHNV(G))=0.

(2) There is only one global edge between any two groups.

(3)For any vertex (i,k) e V(G)with0<i<g—-land 1 <k<n-1,
there are h vertices which are located in different groups.

According to Definition 3, the number of groups of DG(n, h, g) is g.
For 0 <i <g—1, let u be a vertex in G;. The set of neighbors of u that
belong to different groups than u is called the external neighbor set of u,
denoted by ex(u). For 0<j<g-—1,letve V(G). Denote ex(u) N ex(v)
as the common external neighbor set of u and v, which contains no vertices
in G;UG;. We refer to the set of neighbors of u that are within the same
group as u as the internal neighbor set of u. Every group of DG(n, h, g) can
be abstracted as a vertex, with two vertices being adjacent if and only if
their corresponding groups are connected by a global edge. The abstract
graph can be mapped to the complete graph K,. For0<i<g-—1, let x;
be the vertex abstracted by group i. The original concept of the dragonfly
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Fig. 2. An example block diagram of a dragonfly topology with p=2, n =3 and
h=2.
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networks did not specifically define the exact connection of the global
edges.

Camarero [8] et al. define three arrangements, which are absolute,
relative, and circulant-based. The relative arrangement exhibits notable
symmetries, including the rotational symmetry, which can be utilized
to streamline routing and demonstrate the equivalence of groups [25].

Definition 4. (see [22,25]). For any integers n, h and g with n > 2,
h>1 and g = nh + 1, the relative arrangement dragonfly network G =
D(n, h, g) is defined as follows:

(1) V(D(n,h,g) ={(x,y) :0<x<g—-1,0<y<n-1} where x
represents group x and y represents switch y.

(2) For any two vertices u = (x,y;) and v = (x,,y,) in D(n, h,g),
(u,v) € E(D(n, h, g)) if and only if both of the following conditions are
holds:

cyy=n—1l-yg;
* Xy =(hy; +x; + k) mod g for k=1,2,...,h.

Wu et al. [26]demonstrated the existence of a Hamiltonian cycle
in the Dragonfly network D(n, h, g) and propose an O(g) algorithm for
constructing a Hamiltonian cycle in D(n,h,g) when n>2 and h > 1.
Subsequently, they established that D(n, h, g) is Hamilton-connected for
n >4 and h > 2. In reference [25], they also provided a proof that the
connectivity of D(n,h,g) is n — 1 + h. Furthermore, they proposed an
O(n) algorithm to compute the disjoint path between any two distinct
vertices in D(n, h, g) and analyzed the maximum length of these disjoint
paths, which does not exceed 7. The Fig. 3 shows the relative arrange-
ment dragonfly network D(3,2,7).
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Fig. 3. Logical structure of the relative arrangement dragonfly network with
n=3,h=2and g=7.

3. Related work

The topology structure of the dragonfly network has the following
characteristics: low latency, high bandwidth, path diversity, scalability,
flexibility, and so on. Dragonfly networks have been implemented in the
current generation of supercomputers, including the Frontier supercom-
puter [10], Cray XC [1,9], and PERCS [2].

According to Hasting et al. [15], the global link arrangements fre-
quently result in bisection bandwidths that differ by 10 s of percent,
and the specific separation varies depending on the relative bandwidths
of local and global links. Moreover, the regularity of task mappings for
nearest neighbor stencil communication patterns can be significantly
impacted by the choice of global link arrangement. Belka et al. [6]
presented two novel configurations for global links, called nautilus ar-
rangement and helix arrangement, each of which is based on the idea of
optimizing bisection bandwidth when global links have a higher band-
width than local links. In spite of this, the new arrangements perform
better across the board for all bandwidth relationships than previously
known arrangements.

Jiang et al. [16] proposed indirect global adaptive routing (IAR), in
which adaptive routing decisions use information that cannot be directly
obtained by the source router. They introduced four IAR routing meth-
ods: credit round-trip (CRT), progressive adaptive routing (PAR), pig-
gyback routing(PB), and reservation routing (RES). Yébenes et al. [30]
provided hierarchical two-level queuing, a queuing technique specifi-
cally created to minimize HoL blocking in minimal-path routing fully-
connected dragonfly networks. Prisacari et al. [20] shown how simple
changes to either the routing strategy or the process to node assign-
ment can bring performance back close to ideal levels. Bhatele [4] et
al. explored the intelligent topological perception mapping of different
communication modes and physical topology to determine the situa-
tion of minimizing link utilization. They also analyzed the trade-offs
between direct and indirect routes using different maps. Moreover, to
gain a better understanding of inter-job interference, Bhatele et al. [5]
investigated the impacts of job location, parallel workloads, and net-
work topologies on network health. To simulate the network behavior of
Cray Cascade, they created a functional network simulator called Dam-
selfly, and a visual analytics tool called DragonView.

In reference [11], Faizian et al. suggested improving UGAL by adding
an in-group communication adaptation mechanism based on traffic
mode to Dragonfly. Rahman et al. [21] made studies on improving the
performance of traditional UGAL. Chaulagain et al. [23] had made in-
depth researches on improving the accuracy of UGAL delay estimation.
Garcia et al. in references [12-14] presented a unique flow-control/rout-
ing strategy that separates the deadlock avoidance mechanisms from the
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routing. Their concept allows for on-the-fly (in-transit) adaptive packet
routing since it does not impose any dependencies across virtual chan-
nels. They use an injection-restricted deadlock-free escape subnetwork
to avoid deadlock. Compared to other approaches that have been of-
fered, this model reduces latency, boosts throughput, and adjusts to
transient traffic more quickly.

Xiang et al. [28] put forth two distinct broadcast schemes, namely
the group-first and router-first. It is demonstrated that unicast-based
broadcast schemes are essential to circumvent deadlocks at consump-
tion channels. The group-first broadcast scheme expedites the delivery
of a message to all groups, whereas the router-first scheme minimizes the
number of unicast steps traversing global links. The method in reference
[28] shows the inaugural collective communication work for dragonfly
networks. Moreover, Xiang et al. [29] proposed a new deadlock-free
adaptive fault-tolerant routing algorithm, which maps the router into a
group based on the new double-layer security information model and
maps the group of the dragonfly network into two independent hyper-
cubes. The new fault-tolerant routing algorithm can tolerate both static
and dynamic faults. Full simulation results show that the proposed fault-
tolerant routing algorithm is even better than the previous fault-free
network minimum routing algorithm in many cases.

4. Preliminary

For a positive integer n, let [n] = {0,1,...,n — 1}. Let G = (V(G),
E(G)) be an undirected graph with vertex set V' (G) and edge set E(G).
An interconnected network can be considered as an undirected graph
such that its processors are viewed as vertices of the graph and links be-
tween processors are viewed as edges of the graph. If there is only one
edge connecting any two vertices in graph G and there is not a loop
at any vertex, the graph is considered simple. The graphs studied in
this paper are simple graphs. For u,v € V(G), (u, v) represents the edge
between vertices u and v. Two graphs G; and G, are called isomor-
phic, denoted as G| = G, if there exist a bisection y : V(G) = V(G,)
such that (x,y) € E(G)) if and only if (w(x),y(»)) € E(G,). A com-
plete graph, say K, is the graph with order n in which every pair
of different vertices is adjacent. The union graph of G| and G,, de-
noted by G, U G,, is a subgraph of G, with vertices set V(G;) UV (G,)
and edges set E(G|) U E(G,). The set of vertices that are adjacent
to vertex v is called the neighborhood of v, denoted by Nj(v), i.e.
Ng() ={u : (u,v) € E(G)}. The degree of v is the number of edges
incident with v, denoted by degg;(v). Let F be a nonempty proper sub-
set of V(G). Denote G — F as a graph obtained from G by removing
all of the vertices and incident edges in F. Let G[F] be the subgraph
of G induced by F. Also, sometimes we use [F] instead of G[F] if the
graph is clear from the context. We call H to be a subgraph of G, say
HCG,if V(H)CV(G) and E(H) C E(G). We use G — H to denote
G[V(G) \ V(H)]. For flexible use of notations, G — H and G — V(H)
represent the same meaning and can be used interchangeably.

A path joining two vertices u and v in G is the union of edges, that
is

P(u,v) ={(uy, ), (g, u3), ..., (p_1,p)),

where u = uy, v =u, and (u;,u;) € E(G) with 1 <i <7 — 1. Note
that all vertices in P(u,v) are distinct. Also, sometimes P(u,v) and
P(v,u) represent the same meaning in this paper. We call u and v
the end vertices of path P(u,v). For simplicity of notation, we use
(u,v)-path to represent a path P(u,v). If a path with end vertices u
and v covers all vertices of G, then we denote HP(u,v) as the path.
For t < ¢, if Pj(uy,u) = ((uy,up), (uy,u3), ..., (u;_q,u,)) and Ps(u,,u,) =
(gt ), Uy q>Upyn)s - s (up_y,up)) are two paths in G, then we de-
note P(u,v) = Py(uy,u;) + Py(u;,u.). A cycle C is a closed path, that
is C = P(u,v) + {(v,u)). For 1 <i <¢ —1, let (u;,u;,;) be an edge in
P(u,v). After removing (u;,u;, ;) from P(u,v), the result subgraphs can
be denoted by P(u,v) — (4;,u;,1). A graph G is covered by a path P(u,v),
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which means that P(u, v) is a Hamiltonian path of G. For notations not
explicitly explained here, we refer to [3].

Lemma 4.1. (see [26]). For n > 4 and h > 2, D(n,h,g) is Hamilton-
connected.

Lemma 4.2. (see [19]). Let G be a graph. Then G is 2-edge-Hamilton-
connected if and only if

(1) G is 1-Hamilton-connected, and

(2) for any two distinct vertex set S = {s1,5,},T = {t|,1,} with S,T C
V(G), G has a path factor consisting of two paths Py, P, such that both P;
and P, have one end vertex in .S and the other one end vertex in T.

Statement (2) of Lemma 4.2 can be converted to that G is paired
2-disjoint path coverable.

Lemma 4.3. For n > 4 and h > 2, any two vertices in D(n, h, g) have at
most h — 1 common external neighbors.

Proof. Fora,,a, €[gland b;,b, € [n],letu=(a;,b;)and v =(a,,b,) be
two vertices which are located in group G,,, and group G, , respectively.
If a; = a,, by Definition 4, then ex(u) N ex(v) = @. The lemma holds.

If a; # a,, without loss of generality, let a; < a,. For an integer ¢ €
[g]\ {0}, let a, = a; +t. Suppose that u and v have common external
neighbors. By Definition 4, one has that b; = b, and (hb; +a; +k|) =
(hby+ay+ky) (mod g) with 1 <k, ky <h.Letr; =hb;+a;+k; with j €
{1,2}. We consider the following three situations to prove that |ex(u) N
ex(v)| <h-1.

Case 1. ry,r, <g.

As r; =r, (mod g), we have r; =r,, which implies that

hb1+a1+k1=hb2+az+k2.

Combining b; = b, and a, = a; + ¢, one has that k; =+ k,. Since 1 <
ki,ky<hand 1 <t<g-—1, we can obtain that 1 <k, =k, —t<h—
t < h — 1. Thus, if u and v have common external neighbors, then 1 <
lex(u) Nex(v)| <h-—1.

Case 2. r| <g<r,.

For an integer £ > 1, since r; =r, (mod g), we have r, =¢g +r,
which implies that

hby+a,+ky=Cg+hb; +a; + k.

Combining a, = a;+tand by = b, onehasthatt+k, =g +k. If £ > 2,
then

ky=Cg+k —t>2g+k —t>2g+1—-(g—-1)=g+2,

which contradicts with k, <h < g—1. Thus £ < 1. Since # > 1, we have
=1 Hence, t +ky=g+k.By l<t<g-—1land 1<k ,ky <h<
g — 1, one has that 2 < k, < h. Thus, if u and v have common external
neighbors, then 1 < |ex(u) Nex(v)| <h—1.

Case 3. g <r| <ry.Let |, ¢, and s be three integers with s < g — 1.
Since ry,ry >gand r; =r, (mod g), let ry =7 1g+s and r, =¢,g + 5.
We have s = hb; +a; + k; — £ g. Combining a, = a; +1, one has that

l+k2:(f2—fl)g+k|

Ift,—¢; 22, thenky,>2g+k; —t>g+1sincel <t<g—land1<
k| < h, which contradicts with 1 <k, <h<g—-1.Thus0<¢, -7, <1.
If£,—¢;=0,onehasthat 1 <k, =k —t<h-1.1f¢, —¢; =1, one
has that 2 < k, = g+ k| —t < h. Thus, if v and v have common external
neighbors, then 1 < |ex(u) nex(v)|<h-1. [J

5. Main results

This section proves that the relative arrangement dragonfly network
D(n, h, g) is 2-edge-Hamilton-connected. That is Theorem 1.
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Theorem 1. For n > 4 and h > 2, the relative arrangement dragonfly net-
work D(n, h, g) is 2-edge-Hamilton-connected.

According to Lemma 4.2, proving Theorem 1 requires only demon-
strating that D(n, h,g) is 1-Hamilton-connected and has a paired 2-
disjoint path cover. Theorems 2 and 3 are proved in the following two
parts, respectively. Combining Lemma 4.2, Theorems 2 and 3, Theo-
rem 1 is gotten directly.

5.1. 1-Hamilton-connected of D(n, h, g)

In this part, we consider 1-Hamilton-connected of D(n, h, g). For each
i €[g] and k € [n], let G; be the i-th group of G = D(n, h,g) and (i, k)
represents switch k in G;. Then V(G) =V (Gy) UV (G)U - UV (G,_;)
with V(G;) = {(i,k) : k€ {0,1,...,n—1}}. Let x; be the vertex obtained
by contracting group G; to a vertex and let G, be the graph obtained
by contracting each group in G to a vertex. Obviously, G, = K, and
V(G)={x;:0<i<g-—-1}.

Theorem 2. For n >4 and h > 2, D(n, h, g) is 1-Hamilton-connected.

Proof. We will prove that the graph G = D(n, h, g) remains Hamilton-
connected after arbitrarily removing a vertex. Without loss of generality,
let the faulty vertex w = (0,0) € V(G,). By Definition 4, one has that
each of G|,G,, -+, and G, contains only one external neighbor of w.
Let u and v be any two distinct vertices in G — w. We classify the cases
according to the location of u and v.

Case 1. u,v € V(Gy).

Since G, =~ K, with n > 4, one has that G, — w is Hamilton-
connected. Let Py(u,v) be a Hamiltonian path of G, — w connecting
u and v. Let zy,z, € V(Py(u,v)) and (zy, z,) € E(Py(u,v)). Let Py(u, z;)
and Py(z,,v) be two paths obtained by removing (z;, z,) from Py(u,v),
that is Py(u,v) — (z,2,) = Py(u,z;) + Py(2,,0). Let a and b be some
external neighbor of z; and z,, respectively, where a € V(G;) and
be V(Gj) with i # j and i,j € [g] \ [k + 1]. Recalling that G, is the
graph obtained by contracting each group in G to a vertex, G, = K,
and V(G,) ={x; : 0<i < g—1}. Then G, — x, is Hamilton-connected.
One has that there exists a Hamiltonian path, say P(x;, x i) between x;
and x; in G, — xy. Combining the fact that G; is a complete graph for
each i € [g], we can expand P(x;,x j)intoa Hamiltonian path of G — G,
denoted by P(a, b), between a and b. Thus

Py(u,zy) +(z1,a) + P(a,b) + (b, z,) + Py(z,,0)

is a Hamiltonian path of G — w connecting u and v. Fig. 4 (a) shows the
specific situation of Case 1.

Case 2. [{u,v} NV (Gy)|=1.

Without loss of generality, let u € V(G,) and v € V(G,) for i € [g] \
{0}. Let z be a vertex in G, such that external neighbors of z are not
located in G;. Let ¢ be a vertex in V(Gj) Nex(z) with j#i and j €
[g]\ [~ + 1]. By similar analysis of Case 1, G — G, has a Hamiltonian
path, say P(c,v), connecting ¢ and v, and G, — w has a Hamiltonian
path, say P,(u, z), connecting « and z. Thus

Py(u, z) + (z,¢) + P(c,v)

is a Hamiltonian path of G — w connecting u and v. Fig. 4 (b) shows the
specific situation of Case 2.

Case 3. u,v € V(G)) for i € [g] \ {0}.

Since u and v are located in G;, one has that G; contains a Hamil-
tonian path, say P;(u,v), connecting u and v. For n >4, let ¢ and d be
two vertices in V' (P;(u, v)) such that (u, c), (c,d) € E(P,(u,v)). By Defini-
tion 4, one has that |[(ex(c) Uex(d)) NV (G,)| < 1. Without loss of gener-
ality, let ex(d) NV (G,) = §. Note that P;(u,v)—(c,d) = P,(u,c)+ P,(d,v).
For j,k € [g]\ {0,i}, let ¢/(€ V(G))) and d’(€ V(Gy)) be an external
neighbor of ¢ and d, respectively. Let a and b be two vertices in G, — w
such that (ex(a) Uex(b)) NV (G;) = @. As Gy — w is a graph isomorphic to
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Fig. 4. An illustration of Theorem 2: (a) Case 1; (b) Case 2.

K,_,, then G —w contains a Hamiltonian path, say P,(a, b), connecting
a and b. Next, we consider the cases of the location of the external neigh-
bors of a and b to prove that G contains a Hamiltonian path connecting
u and v.

Case 3.1. [ex(a) NV (G, UG))| =2 or [ex(h) NV (G, U G))| =2.

Without loss of generality, let [ex(a) NV (G; UG))| =2. Let @’ and a”
be the external neighbor of a in G; and Gy, respectively. By Definition 4
and h > 2, one has that ex(b) N V(G UG = @ and d has an external
neighbor, say d”', in a group G, with Z € [g] \ {0,i,j,k}. Note that
lex()) N V(G,)| < 1. Combining h > 2 and ex(b) N V(G; UG; UG,) =0,
one has that b has an external neighbor, say b’, in group G,, with
m e [g]\ {0,i,j,k,}. Recalling that every group of G and the graph
obtained from G by contracting each group of G into a vertex are com-
plete graphs. Then we can find a path, say P(c’,a’’), connecting ¢’ and
a’’ and put the groups covered by this path into the subgraph set H,;
with H; c {G, : t €[g]\{0,i,#,m}}. Similarly, we also can find a path,
say P(b’,d""), connecting b’ and d " and put the groups covered by this
path into the subgraph set H, with H, = G— H, —{G, G;}. Thus, G—w
has a Hamiltonian path connecting u and v as follows:

Pi(u,c)+(c,c')+P(c',a")+(a”,a)+Po(a,b)+(b,b')+P(b',d”)
+(d”,d)+ P(d,v).

Fig. 5 (c) shows the specific situation of Case 3.1.

Case 3.2. [ex(@) NV (G; UGy)| =1 and |ex(b)) NV (G; UG))| = 1.

Without loss of generality, let |ex(a) N V(G =1 and |ex(b) N
V(Gy)| = 1. By Definition 4 and A > 2, a contains an external neighbor,
say a’, in group G, with # € [g] \ {0,/,j,k} and b contains an external
neighbor, say b’, in group G,, with m € [g]\ {0,i,j,k,£}. We can find a
path, say P(c’,a’), connecting ¢’ and a’ and put the groups covered by
this path into the subgraph set H; with H; C {G, : t € [g]\ {0,i,£,m}}.
Similarly, we also can find a path, say P(b’,d’), connecting b’ and d’
and put the groups covered by this path into the subgraph set H, with
H, =G-H,-{G,,G,;}. Thus, G—w has a Hamiltonian path connecting
u and v as follows:

Pi(u,c)+(c,c’)+ P(c’,a’) +(a’,a) + Py(a,b) + (b,b") + P(b’,d")
+(d’,d)+ P(d,v).

Fig. 5 (d) shows the specific situation of Case 3.2.
Case 3.3. |ex(a)nV(GjUGk)| =1and |ex(b)nV(Gj UG,)| =0 (resp.
lex(a) NV (G; UG))| =0 and |ex()) N V(G; U Gy)| = D).

We consider |ex(a) N V(G; UG)| =1 and |ex(b) N V(G; U Gy)| = 0.
Without loss of generality, let |ex(a) N V(G;)| = 1. For h > 2 and Defi-
nition 4, one has that a contains an external neighbor, say a’, in group
G, with ¢ € [g]\ {0,i,],k}. As |ex(b)) NV (G; U G)| =0, then b has an
external neighbor, say b’, in group G,, with m € [g] \ {0,, j, k,£}. Sim-
ilar to Case 3.2, we can find a Hamiltonian path of G — w connecting u
and v as follows:

P(u,c)+(c,c’)+ P(c’,a’)+ (a’,a) + Py(a,b) + (b,b") + P(b’,d")

+(d’,d)+ P(d,v).

Case 3.4. [ex(@) NV (G; UGy)| =0 and [ex()) NV (G; UG))| =0.

By Definition 4, a contains an external neighbor, say a’, in group G,
with 7 € [g]\ {0,i,j,k} and b contains an external neighbor, say b, in
group G,, with m € [g]\ {0, 1, j,k,£}. Similar to Case 3.2, we can find a
Hamiltonian path of G — w connecting u and v as follows:

P,-(u,c)+(c,c/)+P(c',a’)+(a/,a)+P0(a,b)+(b,b')+P(b’,d’)

+(d’,d)+ P(d,v).

Case 4. ucV(G;) and v € V(G,) for i # j and i, j € [g] \ {0}.

For n > 4, let a be a vertex in G, — w such that ex(a) NV (G; U G)= @.
Let a’ be an external neighbor of a in group G, with k € [g]\ {0,i,}. Let
bbeavertexin G—{w,a} such thatex(b))nV(G;) =@.For h > 2, bhasan
external neighbor, say b’, in group G, with # € [g] \ {0,i,j, k}. Recall-
ing that every group of G and the graph obtained from G by contracting
each group of G into a vertex are complete graphs. Then we can find a
path, say P(u,a’), connecting u and a’ and put the groups covered by
this path into the subgraph set H; with H; C {G, : t€[g]\ {0,7./}}.
Similarly, we also can find a path, say P(b’,v), connecting b’ and v
and put the groups covered by this path into the subgraph set H, with
H, =G - H, - {G}. Thus, G — w has a Hamiltonian path connecting
u and v as follows:

P(u,a')+(a’,a) + Py(a,b) + (b,b") + P(b’, v).

Fig. 5 (e) shows the specific situation of Case 4.

In conclusion, if n > 4 and h > 2, the relative arrangement dragonfly
network D(n, h,g) is Hamilton-connected after removing an arbitrary
vertex. [
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Fig. 5. An illustration of Theorem 2: (c) Case 3.1; (d) Case 3.2; (e) Case 4.

5.2. Paired 2-DPC of D(n, h,q)

Theorem 3. For n >4, h > 2 and any two disjoint vertices set S and T with
S={s;,s,} and T = {t{,1,}, D(n, h,g) has a paired 2-DPC joining S and
T.

Proof. Let G = D(n, h, g). Recalling that V(G) =V (Gy) UV (G)U - U
V(G,_,), where G; with G; 2 K, and V(G,) = {(i,k) : k€ {0,1,...,n—
1}} is the i-th group of G = D(n, h,g) and (i, k) represents the switch k
in G;. The graph G,, obtained from G by contracting each group G; to
a vertex x;, is isomorphic to K, with vertex set {x; : 0<i<g—1}.

Since the 2-DPC is paired, the following two types will be considered
according to the end vertex assignments. For the first type, we will find
a 2-DPC, say P; = { P|(s1,t1), P5(s5,1,)}, where P;(s;,t;) is a path with
end vertices s; and ¢; for i € {1,2}. For the second type, we will find
a 2-DPC, say P, = { Pi(s}.15), Py(55,11)}, where Pi(s;,t;) is a path with
end vertices s; and ; for i # j and i, j € {1,2}. Since the discussions for
these two types are similar, we only consider the first type here.

Case 1. S and T are located in a group.

Fori€[g], let (SUT) C V(G),). Since G, is a complete graph, G; has
a 2-DPC joining S and T, say

Pi(sq,t) =((s1,71), (rs2)s ooy (Pgs )

and

Py(52,15) = (52, 21),(21, 22)s - » (Zps 12))s

where T'gsZm eV(G)with0<g<a+1,0<m<b+landa+b=n-4,
especially, s; =ry, t; =r ., S =2y, and t, = z;,,. For 0 < g < a, we
choose an edge (rgsTq+1) from P(s,t). Let r’q EV(G)) be an external
neighbor of r, and r’q +1 € V(G)) be an external neighbor of r ., with
distinct j, k € [g] \ {i}. Since every group of G and the graph obtained
by contracting each group of G into a vertex are complete graphs, we
can find a path, say P(r;, r l ), connecting r; and r/ +1- We then put the
groups covered by this path into the subgraph set H; with H; =G - G;,.
Thus, G has a paired 2-DPC joining S and 7T as follows:

/

Pi(sy,t)) = P(sy,1) = (rgs rgqr) + (rq,r;) + P(r;,rq

/
+1)+(rq+1,rq+1)

and

Py(55,15) =((52,21),(21,22)s ..., (25, 1))

Fig. 6 (a) shows the specific situation of Case 1.
Case 2. S and T are located in two different groups.

Case 2.1. For distinct i, j € [g], S CV(G;) and T CV(G)).

Let a; and b, be any two vertices in V(G)). Since G; = K, we can
find a paired 2-DPC of G, joining {s;,#;} and {a;,b; }. Denote P(s;,a;)
and P(t1, b)) as the paired 2-DPC of G,. Let a, and b, be any two vertices
in V(G)) such that (a,,a;) € E(G) and (b,,b,) ¢ E(G). Since G, =K,
we can find a paired 2-DPC of G, joining {s,.7,} and {a,,b,}. Denote
P(sy,a;) and P(t,,b,) as the paired 2-DPC of G;. By Lemma 4.3 and
h>2, a; and a, have at most & — 1 external common neighbors, which
implies that a; has an external neighbor, say a;, and a, has an exter-
nal neighbor, say a), such that a] # a}. Since every group of G and the
graph obtained by contracting each group of G into a vertex are com-
plete graphs, we can find a path, say P(a},4}), connecting a| and d).
Furthermore, we put the groups covered by this path into the subgraph
set H, with H; C {G, : t€[g]\{i,j}} and H| # G-G;uG;. Similarly,
by Lemma 4.3 and h > 2, b; and b, have at most & — 1 external com-
mon neighbors, which implies that b, has an external neighbor, say /,
and b, has an external neighbor, say b, such that b} # b},. We can find a
path, say P(b}, b)), connecting | and b’ and put the groups covered by
this path into the subgraph set H, with H, =G — H, — G; U G;. Thus,
G has a paired 2-DPC joining {s;,s,} and {#,,t,} as follows:

Pi(sy,11) = P(sy,a1) + (a1, a)) + P(d},d}) + (d), ay) + P(ay, 1)

and

Py(53,1)) = P53, by) + (b, b)) + P(b], B) + (b, by) + P(by, ).

Fig. 6 (b) shows the specific situation of Case 2.1.

Case 2.2. For distinct i,j € [g], [SNV(G)|=|SNV(G))| =1 and
[TnV(GHI=ITnV(G)|=1.

In this case, without loss of generality, let s,,7; € V(G;) and s,,1, €
V(G j). Since G;,G ; =K, one has that G; has a Hamiltonian path, say
P(sy,1), connecting s; and #;, and G; has a Hamiltonian path, say
P(s,,t,), connecting s, and #,. We can choose an edge, say (z;, z,), in
P(sy,ty). Let z’1 € V(Gy) be an external neighbor of z; with k # j and
z’2(e V(Gy)) be an external neighbor of z, with £ # j. Then we can find
a path, denoted by P(z},z}), connecting z| and z/ and put the groups
covered by this path into the subgraph set H with H =G - G; UG;.
Thus, G has a paired 2-DPC joining {s;,s,} and {t,,#,} as follows:

Py(sp. 1) = P(sy, 1) = (21, 20) + (21, 2)) + P(2], 25) + (23, 2)

and

Py(s,,15) = P(s5,15).

Fig. 7 (c) shows the specific situation of Case 2.2.
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P, b))

Fig. 6. An illustration of Theorem 3: (a) Case 1; (b) Case 2.1.

Fig. 7. An illustration of Theorem 3: (c) Case 2.2; (d) Case 2.3.

Case 2.3. For distinct i,j € [g], (SUT)NV(G)| =3 and |[(SUT)N
V(G)|=1.

In this case, without loss of generality, let s,,s,,7; € V(G;) and t, €
V(G)). Let a be a vertex in G; and a & {s,,,,5,}. Since G; = K,,, there
exists a paired 2-DPC, denoted by P(sy,?;) and P(s,,a), of G; joining
{s,s,} and {#,,a}. Let @’ be an external neighbor of a and ' € V(G})
with k # j. Then we can find a path, denoted by P(d’,7,), connecting
@ and t, and put the groups covered by this path into the subgraph set
H with H = G — G;. Thus, G has a paired 2-DPC joining {s;,s,} and
{t,,1,} as follows:

Py(sy,t) = P(s1,17)

and

Py(s5.1)) = P(sy,a) + (a,d’) + P(d',1,).

Fig. 7 (d) shows the specific situation of Case 2.3.
Case 3. S and T are located in three different groups.

Case 3.1. Vertices in .S are located in a group and vertices in T are
located in other two different groups.

In this case, for distinct i, j, k € [g], without loss of generality, let
SCcV(G),t € V(G)) and t, € V(Gy). For h>2 and n >4, let a; be a
vertex in G; such that a; contains no external neighbors in G; and a; #
s,, especially, a; may be s,. Let a, be a vertex in G; such that a, contains
no external neighbors in G; and a, & {a;, s}, especially, a, may be s,.
Since G; = K,,, G, has a paired 2-DPC, denoted as P(s;,a,) and P(s,,a,),
joining {sy,s,} and {a;,a,}. Let a’1 be an external neighbor of a; such
that a| € V(G,) with £ # i, j, k. Let a), be an external neighbor of a,
such that a’2 €V (G,,) with m#i,j,k,£. By Lemma 4.3, one has that a’l
and ¢, have at least one different external neighbor. By Definitions 3
and 4, we can find a path, denoted by P(a’l,tl), connecting a’1 and 1,
and put the groups covered by this path into the subgraph set H, with
H, c{G, :te[g]\{i,k,m}}. Similarly, we can find a path, denoted by
P(a’z, t,), connecting a’2 and ¢, and put the groups covered by this path
into the subgraph set H, with H, = G — H; — G;. Thus, G has a paired
2-DPC joining {s;,s,} and {¢,,%,} as follows:
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Py(sy,t;) = P(sy,ap) + (ay,d}) + P(d). 1))

and

Py(sy,15) = P(sy,a,) + (as, a;) + P(a;, 1).

Fig. 8 (e) shows the specific situation of Case 3.1.

Case 3.2. One of vertices in .S and one of vertices in T are located in
a group, and the other vertices in SUT are located in other two groups.

Without loss of generality, let s;,¢; € V(G,), s, € V(G)) and t, €
V(Gy) with distinct i, j, k € [g]. Since G; = K,,, one has that G; has a
hamiltonian path, say P(s;,?;), connecting s, and ¢,. By Definitions 3
and 4, one has that the graph obtained by contracting every group of
G —G; is isomorphic to K,_;. Thus, there exists a Hamiltonian path, say
P(s,,1,), of G — G; connecting s, and t,. Thus, G has a paired 2-DPC
joining {s,s,} and {¢,,1,} as follows:

P(s1,t;)=P(sq1,t1)

and

Py(s5,15) = P(s9,15).

Fig. 8 (f) shows the specific situation of Case 3.2.

Case 4. Vertices of S UT are located in four different groups.

For four distinct integers i, j, k, £ € [g], without loss of generality, let
51 €V(G)), s, €V(G)), t; €V(Gy) and t, € V(Gy). For each m € [g],
since the graph G,, obtained by contracting each group G,, in G to a
vertex x,,, is isomorphic to K, and G,, = K,,, one has that there exists a
path, denoted by P(sy,?;), connecting s, and ¢,. We then put the groups
covered by this path into the subgraph set H, with H; C {G, : t € [g]\
{j,Z}}. Similarly, we can find a path, denoted by P(s,,?,), connecting
s, and t, and put the groups covered by this path into the subgraph set
H, with H, =G — H,. Thus, G has a paired 2-DPC joining {s;,s,} and
{t1.1,} as follows:

Pi(sy,t)) = P(sy,t])

and

Pz(Sz, 12) = P(Sz,tz).

Fig. 9 (g) shows the specific situation of Case 4.
Through the above analysis, for n >4 and h > 2, G = D(n, h,g) has a
paired 2-DPC joining .S and T where S = {s,s,} and T' = {7,,1,}. [

6. Conclusion

The concept of 2-edge Hamilton-connected (2-EHC, for short) is an
extension of Hamilton-connected and plays a crucial role in guarantee-
ing fault-tolerant network routing. However, it should be noted that 2-
EHC is not universally applicable to all types of networks. Research has
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Fig. 9. An illustration of Theorem 3: (g) Case 4.

demonstrated that these networks retain 2-edge-Hamilton-connected (2-
EHC) by applying proofs that rely on the properties of being 1-Hamilton-
connected and having paired 2-disjoint path covers. This paper proves
that the relative arrangement dragonfly network D(n, h,g), which is a
topology structure used in supercomputers, is 2-EHC. Moreover, we get
that D(n, h, g) is 1-Hamilton-connected and paired 2-disjoint path cov-
erable. In the future, one can discuss the k-edge-Hamilton-connected of
dragonfly network D(n, h, g) with k > 3.
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